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Color transforms
Fundamental operations in image acquisition, 
processing, coding/decoding, reproduction
Most frequently – a connection between

Reference color space (CIE RGB, XYZ, etc)
System/device-specific space

YUV, YIQ, YDbDr – color television systems
YCbCr (ITU-R BR.601, 705) – digital video 
CMYK, CMYKOG, etc. – printers

In many cases:
a linear transform with matrix of constant factors



Examples of Color Transforms
RGB to YUV-type transforms:



Implementations of transforms
Specification:

Y= 0.299 R + 0.587 G + 0.114 B

Engineering folklore (cf. wikipedia):
Y’ =  [77 R + 108 G + 21 B] / 256
which maps to integer instructions: 

Y’ = (77*R + 108*G + 21*B + 128) >> 8;
* – multiply, >> – shift right operator

Consequences: 
errors:  |0.299 – 77/256| = 0.00178125
resources: needs at least 8 bits of bandwidth



The problem and the idea
Problem:

Given real (irrational) constants
We need to improve precision of their dyadic approximations:

while keeping the number of “mantissa” bits k small !

Idea:
Introduce some additional factor   
then find dyadic approximations:

and then apply the inverse factor         elsewhere



Preview of main result
Normal dyadic approximations:

best choice of integers gives

hence

Scaled dyadic approximations:
normalized error:

E.g., when  m=2, we need just half the bits (k) to achieve 
same precision!!!



Explanation of main result
Things to follow:

Review of some basic facts
Continued fractions
Convergents
Diophantine approximations
Simultaneous rational approximations

Connection to our problem



Continued fractions
Continued fraction:

any rational can be presented in this form.
Moreover, given any irrational 

we can produce series

such that 



Equivalence, convergents
Equivalent irrational numbers:

Convergents:

can be recursively computed as follows:



Best rational approximations
Let:

Key properties:
are growing exponentially fast

they produce approximations with quadratic error decay:

such approximations are best in a sense that
for any



Precision of rational approximations
More precise statement:



Simultaneous approximations
Precision of simultaneous approximations:

Observations: 
quadratic convergence rate when m=2
for large m convergence rate drops down to linear



Connection to our problem
Consider:

We immediately notice that by setting 

and then applying

we arrive at standard m-ary rational approximation problem!

However… there is more…



Approximation of pair of constants
Let m=2, and let:

Let’s plot these functions: 



Approximations of pairs of constants
We arrive at:

Consequently, the task of finding a pair of scaled dyadic 
approximations is now reduced to finding a single approximation:

where                          ,                                !!!



Approximation of pair of constants
Main result for m=2:



Extension to m-ary case
Our main result:

Idea of proof: we scan indices i,j=1..m, apply 
Lemma 1 to balance errors, and find best rational 
approximations for remaining m-1 constants. 



Applications to design of color transforms
Example factorizations and transforms:



Applications: CbCr factors
Direct vs. scaled approximations:

Notable example:
k=3:   (1/2, 5/8) ;  ~ 20 times more precise than non-scaled approximation



Applications: YUV luminance factors
Direct vs. scaled approximations:

Notable example:
k=4:   (5/16, 5/8, 1/8) ;  



Applications: scaled YUV,YIQ, etc.
Generalized flow-graph with added scale factors

Separate groups of factors leading to luminance (Y) and 
chrominance (U,V) outputs
Can also be used hybrid logic design (when same module is 
to be used for support of multiple color spaces)



Conclusions
Done: 

proposed a technique for improving implementations of 
color transforms by introducing scale factors
studied the underlying approximation problem 

established its connection to Diophantine approximations 
derived precision bounds

shown several examples of how it can be used to optimize 
implementations of color transforms

Future work
consider other color spaces;
consider other application of this technique
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